We have obtained analytical solutions for Para-Hydrogen Induced Polarization (PHIP) for several types of coupled spin systems, namely, for AB-, ABX-, AA A -and A 2 B-systems. Scalar spin-spin interactions were considered the factor, that determines the PHIP spectral pattern; it is the variation of the spin coupling regime (from strong coupling at low field to weak coupling at high field), which is responsible for the PHIP magnetic field dependence. The field dependence of polarization was considered in detail, general peculiarities of PHIP were found, PHIP patterns were calculated for the systems mentioned. Special attention was paid to the effects of field switching on PHIP.
Introduction
Para-Hydrogen Induced Polarization (PHIP) represents an important case of strong non-thermal spin polarization or hyperpolarization (HP). HP, in general, arises from non-equilibrium populations of the nuclear spin energy levels and manifests itself in anomalous amplitude and phase of the NMR signals [1] [2] [3] [4] [5] [6] [7] [8] . As the intensities of the NMR lines are directly proportional to the population differences for the corresponding transitions (which are tiny at thermal equilibrium) exploiting HP allows one to boost efficiently the sensitivity of NMR spectroscopy. Since sensitivity is frequently the main limitation in NMR applications, development of HP-based NMR techniques is a topical field of research. During the last few years a constant increase of interest in spin hyperpolarization and its applications was observable. PHIP is a particularly promising HP technique, which may find many applications in NMR spectroscopy and imaging as it is known to provide signal enhancements up to several orders of magnitude [9] [10] [11] . A classical way of creating PHIP is catalytical attachment of the para-hydrogen molecule (H 2 molecule in its singlet spin state) to a molecule with a double or triple C-C bond. Recently, an alternative and rather general way of creating PHIP was provided by reversible interactions with para-hydrogen, where direct hydrogenation is not required [12] . The remarkable NMR enhancement provided by PHIP comes from the fact that at low temperatures the di-hydrogen molecule can be relatively easily enriched in its para-component. Although the para-H 2 molecule itself does not give any NMR signal because of chemical (and, consequently, magnetic) equivalence of its two hydrogen nuclei, equivalency removal of the two hydrogen atoms in the hydrogenation reaction products gives rise to their strongly enhanced NMR signals.
Two protocols of performing the PHIP experiments are well documented and referred to as ALTADENA (Adiabatic Longitudinal Transport After Dissociation Engenders Nuclear Alignment) [13] and PASADENA (Parahydrogen and Synthesis Allow Dramatically Enhanced Nuclear Alignment) [14] experiments. In the ALTADENA experiment, first, by a para-hydrogenation reaction at low field (presumably, comparable to the Earth's magnetic field) non-thermal polarization is created in the reaction products. Then the polarized sample is transported into the NMR-spectrometer where the NMR (ALTADENA) spectrum is recorded. In the PASADENA experiment the molecules are polarized inside the NMR spectrometer and the NMR spectrum is detected immediately after running the hydrogenation reaction. In both types of spectra (ALTADENA and PASADENA) line intensities are strongly enhanced as compared to those recorded at thermal equilibrium; however, the appearance of the two spectra is different. In the ALTADENA spectrum the two protons, which constituted the para-H 2 molecule prior to the reaction, acquire net HP of opposite sign and equal amplitude. In addition, they exhibit multiplet polarization. In PASADENA spectra the two polarized protons acquire only multiplet HP. Net polarization of the i-th spin refers to the z-projection of its magnetization. It is given by the expectation value, I iz of the zcomponent of the corresponding spin operator,Î iz . By multiplet polarization of spins i and j we mean their non-equilibrium mutual orientation or entanglement (two-spin order) that is defined as the expectation value of the operator product, I iz I jz . Higher spin orders for multi-spin systems can be introduced in the same fashion. Both types of polarization can be directly obtained from the NMR spectra of the polarized spin system. The net polarization of a selected spin can be obtained by integrating over all NMR lines corresponding to a transition of this spin, whereas the multiplet HP reveals itself in different line intensities within a given spin multiplet.
The origin of both ALTADENA and PASADENA effects is well understood [13, 14] . In both cases HP appears due (i) to equivalency removal for the pair of protons as a result of the chemical reaction and (ii) to their scalar spin-spin coupling. As a consequence of equivalency removal the two protons give NMR signals at different frequencies, while spin-spin coupling transfers PHIP into NMR observables and determines the spectral pattern. Considering the ALTADENA case the transport of the polarized molecule from low magnetic field to the high field of the NMR-spectrometer is an important step, which results in additional spin evolution and produces net HP of the protons. In general, spin-spin interactions play an essential role in PHIP phenomena because they affect the phase of the PHIP pattern and mediate PHIP transfer to other nuclei. Typically, at low magnetic fields B the spins are coupled strongly (their coupling constant, J, is larger or comparable to their difference in Zeeman interaction, δν), whereas at the high field of the NMR spectrometer they are coupled weakly (J δν). The variation of the coupling regime results in the pronounced difference between the ALTADENA and PASADENA spectra. Strong coupling of spins may also result in fast and efficient HP transfer among them proceeding at a rate of approximately J.
The main concern of the present work is the theoretical treatment of PHIP phenomena, in particular, obtaining results for the magnetic field dependence of PHIP in several spin systems of different coupling characteristics. So far, the theoretical description of PHIP phenomena has been rather limited. The field dependence of the PASADENA spectra of two-spin 1/2 systems has been considered theoretically in a single publication by Bouget-Bonnet et al. [15] . In that work expressions for different spin orders in PASADENA spectra have been obtained for arbitrary coupling of the two polarized protons, thus the standard limitation of the spin system to the weakly coupled AX-system has been overcome. Theoretical treatment of higher-spin systems is also limited to a few publications. Recently Vinogradov and Grant [16] obtained an analytical solution for ALTADENA of the three-spin 1/2 system. They considered coupled protons and determined the populations of the spin energy levels at zero field and those at high detection field after adiabatic field switching. Jóhannesson et al. [17] considered a three-spin system, in which two nuclei originate from para-hydrogen, while the third spin is a hetero-nucleus. They obtained an analytical solution for non-thermal polarization of the hetero-nucleus in the course of the co-called "diabatic-adiabatic" field cycling. Aime and coauthors [18] treated theoretically a three-spin system and studied the possibility of transferring PHIP to a hetero-nucleus pointing out that its polarization is of multiplet character. Recently the group of H. W. Spiess [19] considered an AA BB system analytically and revealed the role of nuclear spin level crossings in the PHIP formation.
Recently we proposed a theoretical approach to the transfer of HP in scalar coupled multispin systems at arbitrary magnetic field [20] . As the type of HP and its preparation rate were taken arbitrary, the method can be applied to the PHIP case. We also discussed PHIP transfer effects among the coupled spins at low field and calculated the PHIP field dependence for three-spin 1/2 systems. Applying this theoretical approach also to describing the PHIP magnetic field dependence of real multispin systems lead to an almost ideal agreement between theory and experiment [21] . These results allowed us to conclude that scalar spin-spin interactions represent the predominant factor responsible for the formation of PHIP and transferring it to other nuclei. Here we will employ the same approach focusing on analytical solutions for PHIP. We will consider coupled spin 1/2 systems of increasing complexity. Systems with higher spins, in particular the analogue of PHIP, Ortho-Deuterium Induced Polarization (ODIP) [22] , represent an interesting extension of the present treatment, which is, however, beyond the scope of this work. All the spin systems will be named in accordance with standard NMR terminology applicable to the coupling regime at the polarization field B p . At the detection field B 0 the spins will always be assumed to be coupled weakly. In particular, we will consider PHIP effects in a coupled 2-spin system (AB-system), an AB-system with weak coupling to a third spin (ABX-system), a 3-spin system with two equivalent spins (A 2 B-system) and a very strongly coupled 3-spin system (AA A -system). Special attention will be paid to the field dependence of PHIP effects and to the influence of the field switching speed on the PHIP spectra.
The outline of the article is as follows: In Sect. 2 we will briefly present the theory for PHIP of multi-spin systems. In Sect. 3 we will obtain analytical results for PHIP of AB-, ABX-, A 2 B-and AA A -systems at different speed of field variation and analyze different types of spin order in HP. Section 4 summarizes the results of the article.
Theoretical approach to PHIP in multi-spin system at variable magnetic field
In our theoretical approach to PHIP in multi-spin systems we refer to experiments performed in the following three subsequent steps: (1) PHIP is prepared at the desired field B p during time τ p by attachment of para-hydrogen to the non-polarized molecule (preparation step); (2) the external magnetic field is switched from B p to the observation field B during time τ fv (field variation step); (3) HP spectra are acquired by Fourier transform (FT) NMR at B = B 0 (detection step). Preparation time τ p will be considered long so that all coherences between the spin states are washed out (see text below) at the end of the preparation period. Field variation effects will be taken into account at arbitrary time profile, B(t), and considered in detail for the two limiting cases of adiabatic and sudden field switching. Experimentally such a protocol has been realized, for instance, by means of our fast field-cycling device, where the whole NMR probe is moved between the polarization and detection fields [23, 24] . It is worth noting that field-cycling is usually a prerequisite for observing the hyperpolarized NMR signals, when PHIP is prepared at low magnetic fields. An exception is given by situations where PHIP is observed directly at zero [25, 26] or Earth's [27] or low [28, 29] magnetic field. These examples, however, require using specialized experimental techniques for detecting the NMR spectra and will not be considered in our work. As is typical for liquid samples the behavior of a system of K spins 1/2 in an external magnetic field B p is described by the following Hamiltonian (in units of h):
where
is the Larmor precession frequency of the i-th spin determined by its chemical shift σ i (here γ i is the nuclear gyromagnetic ratio of the i-th nucleus), and J ij the scalar spin-spin coupling of the i-th and j-th spins. For convenience sometimes the δ-scale of chemical shifts is used instead of the σ-scale; the relation between chemical shifts in the two scales is σ i = −δ i . The spins i and j are considered weakly coupled when the nuclear spin-spin interaction between them is much smaller than the difference in their Zeeman interactions with the external field: |J ij | |ν i − ν j |, otherwise, they are coupled strongly. Thus, not the absolute, but only the relative strength of the coupling with respect to (ν i − ν j ) is important for fulfilling the strong coupling condition, which therefore depends on the external magnetic field. Spin relaxation effects will be completely neglected in the present consideration. Here we will only briefly summarize the main formulas used in the theoretical approach and will not go into details, as they have been discussed in a previous publication [21] .
As mentioned above we will consider only the situation of long preparation times τ p so that at the end of the preparation period the density matrix of the spin system in the eigen-basis of the HamiltonianĤ has only diagonal elements. All off-diagonal elements (coherences) have faded during preparation when τ p J −1 . Such a situation is typical for PHIP since hydrogenation reactions are relatively slow. To observe directly the coherence effects in HP different techniques such as Chemically Induced Dynamic Nuclear Polarization (CIDNP) [1] are more suitable. It allows one to use much shorter preparation times so that τ p J −1 and coherences between the spin states of the polarized molecules become visible [30] [31] [32] . In such case a more elaborate theoretical approach has to be utilized [20] . The presence of coherences is important in low-field experiments with HP because polarization transfer that is caused by strong coupling of spins becomes possible due to the evolution of coherences [20, 30, 31, 33] . Here we will neither consider the time evolution at low field nor coherent effects in HP re-distribution, which reveal themselves in an oscillatory component of the HP transfer kinetics. Thus, only stationary solutions [21] for the density matrix of the polarized spin system will be used and all coherences will be set equal to zero. Initially, the state of the polarized spin system can be described by the following density matrix in the Zeeman basis:
Here " " stands for the direct product of matrices. The density matrixσ S 1,2 , which has only the following four non-zero elements (as written in the Zeeman basis),
describes the spins prepared in their singlet state. Here we assume that spins 1 and 2 are those coming from the para-H 2 molecule and will keep this assignment throughout the whole article. As usual, the |α and |β states are states of the 1/2 spin with zprojections +1/2 and -1/2, respectively. Equation (3) implies that prior to the reaction all the H 2 molecules are in their singlet state. To take account of incomplete enrichment no additional treatment is needed: it is sufficient to multiply the polarization obtained for fully enriched para-hydrogen by the coefficient χ = ( p para − p ortho /3) (here p para and p ortho are the relative populations of para-and ortho-hydrogen, p para + p ortho = 1). Hereafter we will assume that all the di-hydrogen molecules are in their para-state. The other spins (i > 2) in the system are at thermal equilibrium prior to the chemical reaction and their Boltzmann polarization is negligibly small. This situation is described by the following density matrices:
The trace of the density matrixσ 0 defined by Eqs. (2)- (4) is equal to unity. In the eigenbasis of the spin Hamiltonian (1) the density matrix of the spin system is as follows:
withT being the matrix composed of the eigen-vectors of the HamiltonianĤ. At the end of the preparation period the population p i of the i-th state is equal to the corresponding diagonal element ofρ
while the coherences between the eigen-states of the spin system are equal to zero. Thus, at the end of the preparation period the spin density matrix,ρ, is diagonal in the eigen-basis:
with δ ij =1 for i = j and 0 for i = j, while in the Zeeman basis it is of the form
The density matrix obtained is later changed upon field variation and application of the detecting RF-pulse. It is well-known that in the presence of HP field variation has a considerable effect on the NMR spectra taken at high field. In order to take it into account one has to solve the Liouville equation for the density matrixσ with the time-dependent HamiltonianĤ(t):
The Hamiltonian
depends on time since the precession frequencies of spins
change upon field variation as B(t) goes from B p to B 0 . In general, field variation results in exchange of populations among the coupled spin states. Such a mixing of populations can occur only for states characterized by the same I z value (expectation value of the z-projection of the total spin operator,
We will consider in detail only the two limiting cases of field switch: adiabatic variation and sudden field jump. In the adiabatic regime, the changes of the Hamiltonian are so slow that the initial state populations follow the corresponding eigen-states, which change upon field variation. This means that within a manifold with fixed I z value one can correlate the high-field states at B 0 with the corresponding low-field states at B p . The state of the lowest energy at B 0 will then have the same population as that at B p , analogously, the population of the second lowest state at B 0 is the same as that of the second lowest state at B p and so on. Sudden field switching implies that time τ fv is so short that spin evolution has no time to proceed during the field variation step. Therefore the spin density matrix at t = τ p + τ fv is equal toσ(t = τ p ). If the speed of field variation is arbitrary it may become necessary to solve numerically equation (9) with realistic time profiles B(t) in order to simulate experimental results. A simple estimate for the minimal time τ fv for adiabatic field switching is given by the condition τ fv ≥ 1/J ij . However, one should keep in mind that this estimate can be very rough if the magnetic field does not change linearly with time or, most notably, if there are anti-crossings of the nuclear spin levels in the field range between B p and B 0 . Fast field variation in the vicinity of such anti-crossings may result in a breakdown of adiabaticity and in the exchange of populations between the crossing levels. In our analytical treatment we will consider the model systems in both limiting regimes of field variation, adiabatic and sudden. To describe the experimental data on a quantitative level it is necessary [21] to take the actual profile, B(t), of field variation.
To describe the shape of the PHIP spectra we will consider the usual phase-sensitive NMR detection of the FID assuming that a hard, non-selective rf-pulse is applied with its B 1 field being parallel to the x-axis of the rotating frame so that all transitions of the coupled spins are excited. Whereas for weakly coupled spin systems in thermal equilibrium the intensity of all spectral lines varies as sin ϕ of the pulse rotation angle ϕ = γB 1 τ, the situation is much more complex for hyperpolarized systems. Under the influence of the pulse the density matrix changes from its starting valueσ(τ p + τ fv ) to the following one:
To determine the shape of the spectrum it is necessary [34] to calculate the elements ofσ and theÎ + =Î y + iÎ x operator in the eigen-basis of the spin Hamiltonian at the detection field:
The complex NMR spectrum, S(ν), can be calculated as follows [34] :
where Δν ij = ν − ν ij is the offset with respect to the center of the resonance. For hard pulses the condition
Δν ij is fulfilled at any i and j. Here ν ij = (e i − e j ) is given by the eigen-values, e i and e j , of the HamiltonianĤ 0 . In Eq. (14) the matrix elements ofÎ + andσ are those calculated in the eigen-basis ofĤ 0 . For simplicity we assumed here that the transverse relaxation time, T 2 , is the same for all lines in the spectrum giving the same homogeneous broadening of all NMR lines. Only for small flip angles the FT-NMR spectrum of the polarized spin system is identical with the slowpassage cw-spectrum. Interestingly, the line intensity I μν does not only depend on the population difference ( p μ − p ν ) but also on the population differences of the so-called 'parallel' NMR transitions [34] [35] [36] . Also, different spin orders contribute differently to the FT-NMR spectrum: contributions of net polarizations, i.e. of single-spin order, I iz , are proportional to sin ϕ, those of the two-spin order, I iz I jz , to sin 2ϕ and so on [37, 38] . For a selective pulse, which flips only the i-th spin, a similar formula for the spectrum can be written. Only the operatorÎ + =Î y + iÎ x for the total spin has to be replaced by that for the corresponding spin,Î i+ . Such a situation is met when soft pulses are used so that for the NMR transitions of a selected spin (or a group of spins) we have γ i B 1 /2π Δν ij , whereas for transitions of all other spins the relation is opposite:
The theoretical approach presented above is applicable to scalar coupled spin systems with an arbitrary number of spins. Here we will obtain analytical results for a number of simple spin systems. These results are presented in the following section.
Analytical results for two-and three-spin systems
First we will treat the following case:
(a) A two-spin 1/2 system polarized at arbitrary magnetic field (AB-system). Two protons coming from para-H 2 become non-equivalent in products of the hydrogenation reaction and form an AB-system. We will consider PHIP preparation at arbitrary magnetic field and describe the effects of field switching from B p to the high detection field. The field dependence of polarization, too, will be calculated.
A similar treatment will be presented also for the following three-spin systems: (b) ABX three-spin 1/2 system: the third spin is only weakly coupled to spins 1 and 2, which belonged to para-H 2 prior to the hydrogenation reaction; (c) three-spin 1/2 system polarized at very low magnetic field where the difference in Zeeman interactions of the spins with the external field is negligible (AA A system); (d) A 2 B-system: spins 1 and 2, which formed para-H 2 prior to the reaction constitute an AB-system, while spin 3 (initially non-polarized) is equivalent to spin 1 (the second A-spin).
As mentioned above we neglect spin relaxation and assume that all coherences at the polarization field have faded. For the sake of simplicity, we will assume that at the detection field all protons are weakly coupled, although this assumption is by no means a principal limitation of the approach. The two limiting cases of adiabatic and sudden field variation will be considered; the effect of field switching on the PHIP spectral pattern will be analyzed. The spin systems will be discussed in the order of growing complexity: the AB-system represents the simplest case, while addition of the third spin results in PHIP re-distribution in the molecule due to J-couplings. As a consequence, overpopulation of the singlet state of H 2 is transferred into different polarization order and results in non-thermal polarization of the third spin.
The present treatment is limited to two-and three-spin systems. In principle, the Hamiltonian of systems of more spins 1/2 (e.g., AA XX ) can in certain cases also be solved analytically with expressions for PHIP obtainable. However, these results are already rather cumbersome and cannot be easily analyzed. As the complexity of spin system grows it becomes necessary to solve the problem by numerical methods, which have proven their high accuracy [21] . On the other hand, analytical solutions have their own value as they can reveal the main peculiarities of PHIP patterns, demonstrate effects of field switching and help to understand the conditions, under which PHIP is efficiently transferred to other nuclei. In some cases restricting consideration of the real multi-spin system to a two-spin or three-spin system can be an accurate approximation, e.g., when the entire coupled spin system splits into subparts with sufficiently weak coupling among the subsystems that does not reveal itself on the time scale of the experiment. This is given when the coupling of the subparts of the spin system is much smaller than the inverse preparation time, 1/τ p .
Two-spin system of type AB at the polarization field
Let us first examine a two-spin system polarized by PHIP at an arbitrary magnetic field B p . The results for such a system have been obtained already for the conditions of PASADENA and ALTADENA (i.e., B p = 0 and adiabatic field switching) [13, 14] . Here we consider the full field dependence of the PHIP phenomena. Varying the field is a tool for optimizing the net and multiplet HP, i.e., for manipulating the PHIP spectral pattern. In addition, effects of field switching speed will be studied in some detail; comparison of the cases of adiabatic and sudden field variation will be performed. Once field switching becomes non-adiabatic the established results for ALTADENA are no longer valid even when the polarization field is zero. This acronym implies that field variation is adiabatic and thus should be restricted to this case. For fast switching the theoretical treatment of the problem has to be revisited. Such a revision has some practical value because in some experiments it is desirable to have fast (close to sudden) field switching in order to minimize HP losses caused by spin relaxation. Thus, both factors, i.e., magnetic field dependence and field switch, are of importance and will be analyzed analytically in detail. Formulas will be obtained for the net and multiplet HP, while field switching will be considered in the two limiting regimes of adiabatic and sudden field variation. We want to mention that theoretical and experimental results obtained for PASADENA spectra taken at arbitrary field (including the case of strongly coupled spins, i.e., AB-system at the detection field) have already been published [15] . However, these results cannot be directly applied to the case under study as we deal with weakly coupled spins at B = B 0 and vary the PHIP preparation field B p . Now let us derive the expressions for the quantities of interest. Spin evolution of the AB-system at B = B p is described by the following Hamiltonian:
The system of two spins 1/2 has the following eigen-functions at arbitrary magnetic field:
is the mixing angle of the |αβ and |βα states, a key parameter determining the eigen-states of the two-spin system. For clarity, we assume that σ 1 > σ 2 , so that θ falls into the range [0;π/4] for positive J 12 and into the range [0;−π/4] for negative J 12 . The mixing angle is field dependent and varies monotonously from ±π/4 to zero as the magnetic field B p goes from zero to B 0 . At the end of the preparation period the populations of the eigen-states are
When the magnetic field is switched adiabatically and the system is weakly coupled at the detection field (AX-system) and σ 1 > σ 2 , the population of state |2 goes to that of |αβ , while the population of state |3 is identical to that of |βα at the high detection field. Then the net magnetizations of spins are as follows:
The multiplet polarization I 1z I 2z is field independent and equal to − 1 / 4 . Thus, if J 12 < 0 the spin with the largest chemical shift on the σ-scale (as we have assumed (σ 1 − σ 2 ) > 0) acquires negative net polarization. However, if J 12 is negative (i.e., θ changes sign) the polarizations I 1z and I 2z will change their sign but keep the same magnitude. Similar effects of the sign of J-coupling on the sign of net polarization are also known for other HP techniques at low field, in particular, for CIDNP [39, 40] . In the case of sudden field switching the expectation values of all operators do not change upon field variation. Therefore, their values can be calculated as follows from those at the polarization field at the end of the preparation period:
As in the case of the adiabatic field switching, the multiplet polarization I 1z I 2z is field independent and equal to − 1 / 4 . The dependences of the spin polarization on the external magnetic field strength are shown in Fig. 1 . For adiabatic field variation net polarization goes gradually down with the field showing a transition from the ALTADENA case (strong coupling at the polarization field, I 1z = − I 2z = −1/2) to the PASADENA case (weak coupling at the polarization field, I 1z = I 2z = 0). When field switching is sudden the situation is different. Since at zero and high field both quantities I 1z and I 2z are equal to zero, the field dependence of net HP is a curve with its maximum of 1/4 reached at the magnetic field, at which sin 4θ = 1, i.e., θ = π/8 and J = (σ 1 − σ 2 )ν p . Thus, the results for the two limiting cases of field variation are strongly different, which is an indication that field variation speed is an important factor in low-field PHIP. At very low field the difference between the two limiting cases is most pronounced, since there is maximal net PHIP for the adiabatic regime and zero net PHIP for the sudden field jump. When going to high fields (small θ angles) at preparation net PHIP becomes smaller taking the same value for both regimes of field switching:
A set of spectra calculated for different B p and both switching regimes is shown in Fig. 2 . At low fields the patterns are quite different for fast and slow field variation, but they exactly coincide at high fields because of the weak coupling of spins. It is interesting to note that the PHIP spectrum at B p = 0 and sudden field switching coincides with the PASADENA spectrum at high B p . The reason for such a coincidence is that without an external field net HP of any spin can only be zero, hence, only multiplet polarization I 1z I 2z exists. When the field switching is sudden net HP is zero also at the detection field, thus the spectrum must coincide with the PASADENA spectrum. Any non-zero net HP observed in ALTADENA experiments is solely due to the spin dynamics in the slowly varying magnetic field B(t) during the field variation [13, 40] . Previously [41] it was proposed that the spectra obtained for the ALTADENA protocol can exhibit the PASADENA like pattern due to the exchange of the polarized protons in the reaction products. Consequently, the population can be evenly distributed between the states |2 and |3 . Such an effect was presumably observed by Haake et al. [42] . In our case the population of states |2 and |3 is mixed due to the sudden field switching, which leads to the same PHIP pattern. PHIP spectra on the σ-scale and the δ-scale of chemical shift are mirror images of each other: for J 12 > 0 the spin with largest σ i has negative net PHIP, whereas on the δ-scale it is the one with smallest δ i . One should also note that when non-selective RF pulses are used the shape of the PHIP spectra strongly depends on the pulse rotation angle ϕ. For instance, spectra taken at ϕ = π/4 and ϕ = π/2 (not shown here) are considerably different as in the latter all contributions of the multiplet polarization vanish. Now let us demonstrate the changes imposed on the PHIP patterns by addition of a third spin 1/2. In the simplest case the third spin is only weakly coupled to the first two. This is the case of the ABX-system presented in Sect. 3.2.
Three-spin system of type ABX at the polarization field
The spin system of the ABX type is of great interest because X can represent a heteronucleus. The possibility to polarize a spin 1/2 hetero-nucleus with long relaxation times is considered to be one of the most promising applications of PHIP [18, [43] [44] [45] [46] [47] . To obtain net polarization of the X nucleus resulting from strong coupling of spins it is necessary to go to very low fields, which is rather difficult to achieve [17, 47] . Nevertheless, even when the X nucleus is only weakly coupled to spins 1 and 2, which constituted the para-H 2 molecule prior to the chemical reaction, the X-spin can in certain cases acquire PHIP of multiplet character [9, 18] . Here we will study this phenomenon in more detail and will obtain simple analytical formulas for PHIP in the ABX-system.
A three-spin 1/2 system becomes an ABX-system when |ν 1 − ν 3 |, |ν 2 − ν 3 | J 13 , J 23 , i.e., spin 3 is always only weakly coupled to spins 1 and 2. Spin evolution of such a system at the polarization field can be described by the following Hamiltonian:
This form of the Hamiltonian guarantees that the z-projection of spin 3, I 3z , is always conserved and the eigen-states of the system are split into two groups, one with I 3z = 1/2 |1 + = |ααα , |2 + = cos θ + |αβα + sin θ + |βαα , |3 + = − sin θ + |αβα + cos θ + |βαα , |4 + = |ββα (21) and a second one with
The state populations are
The mixing angles for the two groups of states characterized by different z-projections of spin 3 are:
In the adiabatic case the correlation of states at the polarization and the detection field (where all three spins are assumed to be weakly coupled) is essentially the same as for the AB-system. In the same fashion, the spin states should be correlated separately for both groups corresponding to the fixed states of the X-nucleus. For clarity we assume σ 1 > σ 2 and obtain:
Then the net polarizations of spins at the detection field are
In this expression I 1,2z represent net HP from Eq. (18) averaged over the states of the X-spin. Net HP of the X-spin is zero independent of the polarization field and switching speed. For the second-order multiplet polarization we obtain
while the third-order multiplet effect, I 1z I 2z I 3z , is equal to zero. In the case of sudden field variation the expectation values of all operators can be calculated at the polarization field giving us the net polarizations of spins:
In this expression polarization I 1,2z is the average of net HP from Eq. (19) over the state of the X-spin. The second-order multiplet polarizations are
while I 1z I 2z I 3z = 0.
Here it is important to note that PHIP does not allow one to transfer net polarization to spin 3 becauseÎ 3z is preserved as [Î 3z ,Ĥ ABX ] = 0. Nevertheless, its multiplet polarization can be formed efficiently [9, 18] . This happens only when (i) spins 1 and 2 are strongly coupled and (ii) their difference in spin-spin coupling with spin 3, δJ = (J 13 − J 23 ), is non-zero. At fields so high that |ν 1 − ν 2 | |J 13 − J 23 | (i.e., where the ABX-system is a weakly coupled AMX-system) this effect vanishes independent of the field variation speed. The reason for the multiplet-type HP of the X-spin is as follows. The degree of net polarization of spin 1 (the same applies to spin 2) is different depending on whether spin 3 is in its |α or |β state. This is due to the fact that δJ = 0 and that I 1z and I 2z depend on the mixing angle. This means that there is mutual entanglement of spins 1 and 3, which leads to a non-zero expectation value of I 1z I 3z . At the same time, when (I 1z + I 2z ) I 3z = 0 the two multiplet polarizations, I 1z I 3z and I 1z I 2z , must have the same amplitude and opposite sign. This consideration is in full agreement with Eqs. (27) and (29) . The three-spin order (mutual entanglement of all three spins), I 1z I 2z I 3z , is always equal to zero. The field dependencies for polarization of the ABX-system are shown in Fig. 3 . Interestingly, the multiplet HP of the X-spin, I 1z I 3z = − I 2z I 3z , drastically depends on the speed of field variation. For instance, at very low B p , at which the two Zeeman interactions, ν 1 and ν 2 , are much smaller than the J-couplings (and the spin system becomes an AA Xsystem) multiplet polarization I 1z I 3z is expected only for sudden field switching. Not only the magnitude of the multiplet HP but even its sign is sensitive to the switching speed.
NMR spectra for different polarization fields are shown in Figs. 4 and 5. The PHIP spectra of the A and B spins (Fig. 4) exhibit both net and multiplet HP, whereas in the spectrum of the X-spin there is only multiplet HP present, which results in half of the lines with absorptive and half of the lines with emissive phase (Fig. 5) . In principle, the NMR spectrum of the X-spin consists of four lines; however, because of the relation for multiplet polarizations I 1z I 3z = − I 2z I 3z , two of them have zero intensity. As a consequence, there are only two lines in the PHIP spectra of the X-spin at any polarization field and field switching speed (Fig. 5) .
Using the results for the ABX-system we can easily obtain the solution for the PHIP patterns of the AXB-system. This case is given when spins 1 and 2 (coming from para-H 2 ) form an AX-system, and one of them is strongly coupled to the third (initially non-polarized) spin in the molecule. In this case the eigen-states of the system can be obtained from Eqs. (21)- (22) by exchanging the second and the third spins. The state Fig. 4 . PHIP spectra for a 3-spin ABX-system; here the AB-part of the spectrum is presented for adiabatic (a) and sudden (b) field variation for different polarization fields (0.1 mT, 0.1 T and 0.3 T). For 0.1 mT the spin system becomes AA X-system. NMR parameters of the calculation are the same as for Fig. 3 , pulse rotation angle is ϕ = π/4. populations can be obtained in the same fashion:
;
The way of calculating the expectation values of spin operators follows closely that for the ABX-system. For adiabatic field switching and σ 1 > σ 2 the expressions take the form:
For sudden field variation the expectation values are given by:
,
These results can be understood in the following way. As one of the spins (X-spin) coming from para-H 2 is only weakly coupled to the rest of the molecule (A-and Bspins) it cannot acquire any net PHIP ( I 2z = 0). Similarly, the total net polarization of the AB-system is equal to zero ( I 1z + I 3z = 0). Nevertheless, the spins constituting the AB-system acquire net HP of opposite sign; its amplitude is determined by the difference between θ + and θ − . Multiplet HP of the X-spin with the rest of the molecule, which is given by (I 1z + I 3z ) I 2z = ( I 1z I 2z + I 2z I 3z ), is equal to −1/4 (the same value of multiplet PHIP as for the AX-system). However, there is also a difference between I 1z I 2z and I 3z I 2z . These results are qualitatively the same for sudden and adiabatic field switching. The behavior of such a system is similar to that of the simple AXsystem, in which the A spin "splits" into two subparts (A-and B-spins). Multiplet PHIP of these two "subparts" is zero as well as the three spin order I 1z I 2z I 3z .
Thus, as the main conclusion for the ABX-system we emphasize that spin-spin interaction of the AB-system with spin X may lead to its polarization. However, such polarization is of pure multiplet character. Only strong coupling of the spins 1 and 2 may lead to their net polarization.
As far as the applications of hetero-nuclear PHIP are concerned an important issue is the possibility of creating net polarization of hetero-nuclei. Such a type of hyperpolarization has a number of advantages: (i) it can be long-lived (when the hetero-nucleus has a low gyromagnetic ratio and therefore relaxes slowly) and (ii) the spectrum does not contain lines with opposite phases that cancel each other when the spectral resolution is low. The analytical solution of PHIP transfer from protons to hetero-nuclei (i.e., solving the Hamiltonian of the corresponding spin system) is no longer possible; therefore we performed numerical calculations of PHIP. Now let us demonstrate the efficiency of spin order transfer from protons to net polarization of a spin 1/2 hetero-nucleus. In contrast to the multiplet-type polarization of hetero-nuclei, which can be formed up to relatively high fields, transfer of net polarization can occur only at very low fields. This is because of the requirement that the spins of protons and hetero-nuclei are strongly coupled. At such low fields the difference in Zeeman interaction of the two protons with the external fields becomes negligible, hence the Hamiltonian of the system can be written as follows:
Here ν p and ν h are the Larmor precession frequencies of the protons and the heteronucleus, respectively. In order to describe the polarization transfer we calculated the density matrix of the polarized molecule from Eqs. (6)- (8) at different fields and calculated the net polarizations of all three spins, I iz = Tr Î izσ , as a function of B p assuming sudden field variation from B p to the detection field. The results of calculation are shown in Fig. 6 assuming that the hetero-nucleus is 13 C (Fig. 6a ) and 19 F (Fig. 6b) . In both cases it is possible to polarize the hetero-nucleus to a very high extent by setting the proper magnetic field. However, in both cases the optimal field is relatively low (about a few μT, which is at least ten times smaller than the Earth field). Nevertheless, such a field is still achievable enabling strong enhancements of 13 C or 19 F NMR signals by means of PHIP. It is worth noting that although the difference in frequencies is about 6% of ν p for protons and 19 F and 75% of ν p for protons and 13 C, J-couplings of protons and hetero-nuclei, in particular with 13 C can reach rather high values (up to 100-200 Hz), which leads to strong coupling, ν p − ν h < max {J 13 , J 23 }, and, consequently, to polarization of both hetero-nuclei at comparable magnetic field strengths.
When raising the field to the Earth's field (≈ 50 μT) where usually the ALTADENA experiments are performed the polarization of hetero-nuclei considerably (by approximately three orders of magnitude) decreases. However, it is still noticeably higher than the thermal polarization. Now let us turn to a system of three coupled protons; the analytical solution of such a case is possible only for fields so low that the entire system is strongly coupled. This situation is discussed in Sect. 3.3.
Three-spin system of type AA A at the polarization field
Here we consider the three-spin system when at the polarization field the difference between all ν i is negligible (AA A -system). The case of the AA A -system has to a large extent been solved by Vinogradov and Grant [16] who obtained expressions for the state populations at the polarization field considering adiabatic field variation. Here we will extend the consideration to the sudden case and, in addition, determine rules for the net and multiplet HP.
The Hamiltonian of the AA A -system at the polarization field is as follows:
Here, all Zeeman interactions are omitted because for each pair of spins i, j the quantity |ν i − ν j | is much smaller than the J-couplings The eigen-states of the AA A spin system and their energies are [17] :
The coefficients c ± i are as follows:
State populations have been obtained first by Vinogradov and Grant [16] . In our notation they are as follows:
In the adiabatic case for states with fixed I z value the lowest state at the polarization field must be correlated with that of lowest energy at the detection field, the second lowest at B = B p with the second lowest at B = B 0 and so on. We shall perform such a correlation for the case of all positive J-couplings with σ 1 > σ 2 > σ 3 . In this case there is the following relation for the energies at the polarization field
and at the detection field:
State populations at the detection field are found accordingly:
This allows us to find the following net magnetizations:
The second-order multiplet polarizations are:
Finally, the third-order multiplet effect is zero:
Correlation of states in other cases (different sign of J-couplings and differences in chemical shifts) is done correspondingly (will not be shown here). In any case, we are able to formulate the following rules. First, the spin with the second largest chemical shift will acquire only multiplet polarization. Second, the spin with the largest chemical shift in the σ-scale will acquire negative net PHIP, while that with the smallest chemical shift will have positive polarization of the same magnitude. Such a simple shape of the low-field PHIP (and CIDNP) pattern suggests that it follows from a more general rule applicable to multi-spin systems [38] . Due to the long preparation time PHIP is completely mixed among all three spins and, therefore, transferred efficiently to spin 3, which initially had no spin order. When Σ becomes negative, the energy levels at low field are rearranged in such a way (namely, E 3,5 > E 4,6 > E 2,7 ) that all signs of polarization introduced in Eqs. (43) and (44) change. This effect is similar to that observed for the AB-system, where the sign of net PHIP also changes upon sign inversion of the spin-spin interaction. In general, phases and magnitudes of PHIP crucially depend on the particular values of the J-couplings.
For the sudden field variation we calculate the expectation values at the polarization field, which gives us the following results for the net polarizations
the second-order multiplet polarizations
8 ,
and I 1z I 2z I 3z = 0. Zero net PHIP can be explained by the fact that for the AA Asystem there is no preferred axis in space so that all orientations of the spins are equally probable. The reason that in the case of adiabatic field variation net HP is observed is the result of the spin dynamics during the slow field variation B p → B 0 . For sudden switching this dynamics has no time to occur, hence the spins keep the HP formed at the polarization field. Thus, net polarization observed for B p = 0 indicates that field variation is sufficiently slow. On the other hand, one should be careful when interpreting low-field PHIP experiments, because the standard ALTADENA analysis is valid only when field switching to the high observation field is adiabatic. However, for any speed of field switching one acquires multiplet polarization. Using our analytical formulas we have calculated PHIP spectra of the AA Asystem. The NMR parameters model the three spin-system in the styrene molecule, which is obtained from ethylbenzene by hydrogenation of the triple C-C bond. The calculated spectra are shown in Fig. 7 for the two limiting cases of field variation. In the case of adiabatic field switching (Fig. 7, spectrum 1 ) the spins with the largest and smallest chemical shifts exhibit net polarization of opposite sign, whereas the spin with second highest chemical shift has zero net polarization. In the situation of sudden field variation (Fig. 7, spectrum 2 ) only multiplet spin order is formed. In addition, we have made a numerical simulation of the PHIP pattern with a field variation profile that is realistic for the experimental setup [23, 24] available at the Free University of Berlin with the total switching time τ fv = 0.41 s. The corresponding PHIP spectrum (Fig. 7 , spectrum 3) exhibits only a minor difference relative to that for the adiabatic field variation. This is a clear indication that under realistic conditions for the spin system considered the field switching provides almost adiabatic changes of the Hamiltonian (1). To check this expectation we made a comparison of the theoretical predictions with the PHIP spectrum of styrene (Fig. 7, spectrum 4) [48] taken at low field of 5 mT and the same field variation time, τ fv = 0.41 s, and pulse rotation angle, ϕ = π/4, as in the calculation. The small B p value guarantees that the spin system is of the AA A -type at the preparation field. The experimental spectrum is in very good agreement with the theoretically calculated spectra for adiabatic switching (spectrum 1) and realistic field variation profile (spectrum 3).
Thus, both the analytical results for adiabatic field variation and the numerical calculation for a realistic field variation profile show good agreement with the experimental data. Finally, let us consider in Sect. 3.4 another special case of the three-spin system that can be solved analytically, namely, the A 2 B-system.
Three-spin system of type A 2 B at the polarization field
Here we consider the A 2 B-system, where the first A-spin and the B-spin come from the para-H 2 molecule (born in singlet state), while the third spin is equivalent to the first one. As we always assign the numbers 1 and 2 to the spins of the para-H 2 molecule, it is more accurate to use the term ABA-system. The Hamiltonian of the ABA-system at the polarization field is as follows:
It is relatively simple as the two J-couplings and two of the chemical shifts are identical. It can be diagonalized analytically because not only I z of all three spins is preserved but also the total spin of nucleus 1 and 3 (equal to 0 or 1) is a good quantum number. The eigen-states of the ABA-system are as follows: In the case of sudden field variation correlation of states is not required and the quantities of interest (expectation values of the corresponding operators) are calculated straightforwardly as the expectation values at the polarization field. As a result, 
The full expressions with the explicit form of p i given are rather cumbersome. In the case of the ABA-system there is no need to discuss the multiplet HP of the type I 1z I 3z (multiplet HP of the two A-spins) because it does not reveal itself in the spectra of the AXA-system. Only when the spins 1 and 3 become non-equivalent there will be extra lines in the spectrum, which exhibit multiplet HP of such a type. The intensities of these lines will depend on I 1z I 3z , however, for the ABA-system they overlap in the spectrum, hence all contributions of the I 1z I 3z polarization exactly compensate each other. The three-spin order, I 1z I 2z I 3z , is equal to zero. Field dependencies for the ABA-system are shown in Fig. 8 . As previously, a strong dependence of PHIP on the field switching speed is expected. For B p = 0 and the adiabatic case (ALTADENA conditions) non-zero net HP is observable, while for the sudden case at B p = 0 net HP is, obviously, zero. At high B p net HP goes to zero in any case, while at intermediate field strength it is non-zero in either case. Multiplet HP (Fig. 8) does not show any pronounced field dependence, and its limiting value (for adiabatic and sudden field variation) at high field is equal to −1/8. PHIP spectra calculated for both switching regimes and different polarization field strength are shown in Fig. 9 . At low fields they strongly depend on the speed of field variation. However, at high fields they exactly coincide, since both net and multiplet PHIP are the same for the sudden and adiabatic cases (see Fig. 9 ). Interestingly, for B p = 0 and sudden field switching the spectrum is similar to the PASADENA spectrum. The reason for this is the same as for the AB-system. It comes from the fact that neither any net HP is formed at B p = 0 because of the isotropy of space, nor the spins can acquire it during fast field variation. Another similarity to the spin systems considered above is that for adiabatic field variation the spin with largest chemical shift σ i always acquires negative net HP. However, when the sign of J-couplings (J 12 and J 23 ) becomes negative the net PHIP of both spins changes sign.
Summary and conclusions
In the present article we have described the details of a recently developed theoretical approach to PHIP phenomena. In particular, we focused here on obtaining analytical results for PHIP of a few model spin systems. These systems are of AB, ABX, AA A and ABA character, for which the spin Hamiltonian can be diagonalized analytically. This allowed us obtaining compact formulas for the expectation values of the spin operators and the field dependence of polarization. Only dynamic evolution of the polarized spin system under the influence of J-couplings has been considered, whereas relaxation effects have been completely neglected. In general, variation of the coupling regime (from strong coupling at low field to weak coupling at high fields) is the key factor responsible for the PHIP pattern and PHIP re-distribution in the molecule. We restricted the treatment to the situation of long PHIP preparation periods so that only non-equilibrium eigen-state populations are formed, whereas the coherences between them are zero. In general, the evolution of coherences is an important factor for multispin systems as it enables efficient PHIP re-distribution in the molecule. We have also considered effects of field switching on the polarization patterns, which is an important issue in PHIP experiments. The two limiting cases of very slow (adiabatic) and very fast (sudden) switching were considered.
As follows from our study the speed of field switching strongly affects the spectral pattern. As a result, for instance, the spectral pattern obtained when polarizing at low field B p and switching suddenly from B p to B 0 is of the PASADENA type instead of the ALTADENA type because the adiabaticity condition is not fulfilled. Such effects have not been observed so far, presumably, because field variation, which is done manually in most ALTADENA experiments, is not fast enough. Our previous experiments on PHIP of styrene, which have been found to be sensitive to the field variation speed [21] , confirm this statement. From our present study we can also conclude that in case of adiabatic field variation and positive J-coupling all ALTADENA spectra exhibit similar features: spins with larger chemical shifts (in the σ-scale) acquire negative net polarization, while those with smaller chemical shifts carry positive net HP (total net PHIP is zero). When the spin-spin coupling is negative the phase of the spectrum is opposite.
Our analytical results allow us formulating PHIP sign rules for ALTADENA experiments by analogy with Kaptein's rules for CIDNP [49] . In this context, by the ALTADENA case we imply that the preparation field, B p , is so low that the frequency differences, ν i − ν j , are negligible at this field. We will not formulate rules for multiplet polarization because for a two-spin system it is obviously equal to −1/4, whereas for higher spin systems the PHIP pattern is too complex for establishing any simple sign rules. The same holds for the multiplet polarization of a larger number of spins, for instance, for I iz I jz I kz and higher spin orders. Summarizing our analytical results we can write down the following rule for the sign, Γ i , of net PHIP of the i-th nucleus:
Here Γ i = + : A, Γ i = 0, Γ i = −1 : E, stand for the absorptive, zero and emissive net polarization of the i-th nucleus. The quantities on the right-hand side should be read as follows. Γ σ is the sign of (σ i − σ ) with σ being the average chemical shift of the group of spins: spins with the highest and lowest chemical shifts acquire PHIP of opposite sign, while the spins in the center of the NMR spectrum tend to have zero net polarization. When the δ-scale of chemical shifts is used −Γ δ = ( δ − δ i ) must be taken instead. Γ J is the sign of the effective spin-spin interaction, which is equal to J 12 for the AB-system and to Σ for the AA A -system. For systems with more coupled spins it can be defined in a similar way; in most cases Γ J should be set to +1. Γ H is a factor describing the predominant spin state of the H 2 molecule prior to the hydrogenation (para or ortho spin isomer):
Typically Γ H is set to −1 as it is easy to enrich H 2 gas in its para-component. The last factor, Γ fc , stands for the field switching regime:
The rule Eq. (55) thus gives a simple description of the ALTADENA spectral pattern. We expect that these rules are valid for most of the spin systems although in some cases they can be violated by complex evolution in multi-spin systems just as well as Kaptein's rules may not always hold [50] . However, as the switching turns into the non-adiabatic regime the appearance of the spectrum changes. As a consequence, it becomes essential to use the actual field variation profile for obtaining good agreement between simulation and experimental data. PHIP reveals itself not only in net HP of spins but, most notably, in multiplet polarization, which represents their entanglement. It is particularly worth mentioning that it possible to polarize hetero-nuclear spins by means of PHIP by creating multiplet polarization of the hetero-nucleus and protons. In contrast to net polarization of hetero-nuclei (which requires going to very low magnetic fields) such polarization can be formed at much higher fields, which are much easier accessible. PHIP spectra are sensitive not only to the speed of field variation but also to the strength of the polarization field. Controlling the polarization field strength and the field switching profile allows one to manipulate the PHIP spectral pattern and optimize the relative size of different spin orders. In addition, it opens new possibilities in transferring polarization selectively to certain target spins of choice in a controllable way. It is important to mention that in many cases it is advantageous to perform PHIP at intermediate field strengths for getting higher signal-to-noise ratio. Besides this, PHIP-based polarizers operating at such fields can be designed as portable stand-alone devices for in vivo or in situ imaging [51] .
For modeling PHIP spectra of simple 2-spin and 3-spin systems our analytical results can be directly applied. If the coupled system contains a higher number of spins and the relation between the quantities |ν 1 − ν 2 | and the spin-spin interactions, J ij , is arbitrary the Hamiltonian of the system can no longer be solved analytically. As a consequence, for more complex systems numerical calculations are required, which can be carried out in the framework of our theoretical approach [20, 21] . Systems of three and more spins have the interesting feature that they have level anti-crossings at distinctive magnetic fields. In the vicinity of such a level crossing there is an efficient coherent polarization exchange of HP among the coupled spins [30, 33] . Precise field variation involving level anti-crossing fields enables transferring polarization in a selective and controllable way.
